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Abstract
In this paper the applicability of multiscale methods to oceanography is demonstrated. More precisely, we
use convolutions with certain locally supported kernels to approximate the dynamic topography and the
geostrophic ow. As data sets the French CLS01 data are used for the mean sea surface topography and
are compared to the EGM96 geoid. Since those two data sets have very dierent levels of spatial resolutions
the necessity of an interpolating or approximating tool is evident. Compared to the standard spherical
harmonics approach, the strongly space localizing kernels improve the possibilities of local data analysis
here.
Keywords: Dynamic Topography, Geostrophic Flow, Multiscale Modeling, Constructive Approximation, Lo-
cally Compact Kernel Functions
1 INTRODUCTION
As a crucial factor for resource mining, industry and recreation, weather and climate, the oceans are of immediate
importance. Modeling data sets on the sphere (and in a rst approximation the regions under consideration
are part of a spherically shaped Earth), the question arises how to describe scalar (or analogously vectorial)
functions on it. Commonly, spherical functions are expanded into a Fourier series of spherical harmonics. But
the polynomials, restricted to the sphere, are, though the obvious choice for a suitable ansatz space, globally
dened. Actually, oceanic phenomena are regionally dominated, thus continental parts have to be left outside.
Further, basis functions with global support tend to spread errors from a certain region around the whole sphere.
Thus, a new set of basis functions has to be considered, reecting more than the common ones the bounded
regions we are considering. Further, spherical harmonics give immediate access to the spectral behavior of the
signal (since obtaining optimal frequency localization), but have no intrinsic and suitable low-pass lter. Thus,
a new method of approximating the signal is necessary, leaving the spectral ansatz. By introducing a multiscale
way of approximation we provide special handling of (and a separation between) the long-wavelength and the
high-frequency parts.
2 PRELIMINARIES
In the common way we introduce the notation necessary for this paper. As usual, N and R denote the set of
integers and real numbers. As function spaces the sets of all square-integrable functions over a certain domain




jF (x)j2dx <1. These spaces, denoted as L2(D), are Hilbert spaces, equipped with the scalar
product < ;  >L2(D). Within the context of this paper, there are two possible domains D.
At rst we consider the real interval [ 1;+1]. The common set of orthogonal basis functions of the space
(L2([ 1; 1]); < ;  >L2([ 1;1])) is obviously given by the Legendre polynomials (see e.g. [3]).
The second one is the unit sphere 
. For the closed and complete set of basis functions for this Hilbert space
(L2(
); < ;  >L2(
)) spherical harmonics, homogeneous harmonic polynomials in R
3 restricted to the unit
sphere, can be chosen. As known, for each degree n the space of these polynomials has the dimension 2n + 1,
i.e. the basis system carries two indices instead of one.
For both spaces each element F can be expanded in terms of a Fourier series including the basis functions and
corresponding coecients, which are denoted by F^(n), resp. F^(n; k).
As a further property, the set of all continuous functions on [ 1; 1], resp. 
, is a dense subset of the space
of all square-integrable functions. Generally, Cn(D) denotes the set of all n-times continuously dierentiable
real-valued functions on D.
Within spherical notation, dierential operators change their appearance. The gradient r separates into a
radial part  @
@r
and a horizontal part 1
r
r? , where x = r,  2 
, for x 6= 0. Moreover, the so-called surface curl
gradient L? is dened as L? = x^rxjx=r =  ^r
?
 , where ^ denotes the standard vector cross product in R
3.
3 MULTISCALE APPROXIMATION
Modeling measurements on the sphere implies nding an appropriate function within a certain space that ts
properly. This is commonly done by the Hilbert space L2(
). Instead of an approximation by a Fourier series
we want to introduce here another tool, the multiscale approximation. Although the rst part of this section is
written for arbitrary (though they have to fulll certain, here not mentioned conditions) radial basis functions,
the second part is concerned with a very simple kernel function, the locally supported Haar function.
3.1 (Spatial) Multiscale Analysis
Denition 1 Let fKhgh2( 1;1)  L




2 for all h 2 ( 1; 1). Then we may dene the convolution with a function F 2 L
2(
) as
a (spherical) singular integral in the following way




Kh(  )F ()d!() : (1)
For an unknown function F 2 L2(
) the convolution with a kernel function represents a weighted and smoothed
approximation. Under certain conditions, this approximation converges for h! 1 (h < 1) to the function itself.
Then the following condition is satised.
Denition 2 The singular integral is said to be an approximate identity (in L2(
)) corresponding to the scaling




jjF   Ih(F )jjL2(
) = 0 (2)
for all F 2 L2(
).
Roughly spoken, the kernel function has to be an approximation of the Dirac functional in L2, i.e. in the limit
we have limh!1;h<1K
^(n) = 1 for all n 2 N0. By choosing the way of convergence for Fourier coecients of the
scaling function the possibilities of this approximation ansatz are wide-spread. For more details on approximate
identities and for the spectral approach to multiscale analysis we refer for example to [3, 4].
The approximate identity represents a continuous method to model the function under consideration with a
set of basis functions. To obtain a discrete multiscale approximation we force h to have a certain structure.
Commonly, this subdivision is dyadic, i.e. hJ := 1  2
 J for all J 2 N0.
This step-structure we introduced gives the possibility to talk about detail information. In each scale we convolve
the function with a spherical cap, smoothing it over a small area. This becomes smaller with increasing J , i.e. the
solution becomes more detailed. Since convolutions are linear in both arguments, we can cluster the dierence
between two scaling functions to a wavelet. By convolving this wavelet with the function we obtain the details
its approximation gains from one step to the next.
Though several families of kernel functions are possible for multiscale approximations we want to restrict
ourselves here to a certain class. Their fundamental property is stated in the following theorem, which can
also be found in [4].
Theorem 3 Let fKhgh2( 1;1) be a family of functions in L






h 2 ( 1; 1) and which are non-negative. Let fIhgh2( 1;1) be the corresponding spherical singular integral. Then
the following properties are equivalent:
 fIhgh2( 1;1) is an approximate identity,
 limh!1;h<1(Kh)
^(n) = 1 for all n 2 N0,
 fKhgh2( 1;1) satises the localization property limh!1;h<1
R 
 1
Kh(t)dt = 0 for all  2 ( 1; 1).
Thus, kernel functions with a support of [h; 1], i.e. locally supported kernel functions, are obviously predeter-
mined families for multiscale approximations.
3.2 Locally Supported Kernel Functions
The scaling function under consideration is the simplest locally supported kernel function, the hat function
devolved on the sphere.











if t 2 [h; 1]
(3)
with h 2 [ 1; 1) and k 2 N0 such that L
(k)
h 2 C
k 1([ 1; 1]). Here, the upper index indicates neither derivative
nor iterated convolution, but just a continuity parameter.
It can be shown, that j(L
(k)
h )
^(n)j = O([n(1  h)] 3=2 k) for n ! 1, as seen in [4].



















Figure 1: Spatial shape of the Haar kernel over , i.e.
t = cos 

































Figure 2: Symbol of the Haar scaling function for
scales 0 to 7 (logarithmic view).
For further details on multiscale analysis and locally supported kernel functions, including the more complex
function types, we refer exemplarily to [2, 3, 4].
4 MODELING THE DYNAMIC TOPOGRAPHY
As a scalar eld on the sphere, the dynamic topography, represented commonly as an expansion in spherical
harmonics, is an ideal candidate for illustrating the methods presented above. Basically, it consists of two
measurements. On the one hand, on an Earth at rest, the water masses would align along the geoid, the
equipotential surface of the Earth's gravity eld. Its deviation from the standard reference ellipsoid (the rst
approximation of the Earth's shape) is called geoid undulation. On the other hand, satellite measurements
provide altimetric data of the actual sea surface height, also in relation to the reference ellipsoid. The dierence
between these two can obviously be considered as the actual sea surface, the (since time depending) so called
dynamic topography.
We are very grateful to receive the mean sea surface model cls01 from the French enterprise CLS (Collecte
Localisation Satellites). It has been computed using a 7-year TOPEX/POSEIDON mean prole, a 5-year
ERS-1/2 mean prole, a 2-year GEOSAT mean prole and the 2 168-day non repeat cycle data of the ERS-1
geodetic phase. These data were processed and homogenized using the most recent corrections to compute the
CLS01 mean sea surface (CLS01 MSS) on a 1/301/30 degrees grid. The surface is almost global (80S to
82N), derived from altimetric data on oceans and from geoid undulations elsewhere (continuously connected
in between, starting from an ocean depth of 10 meters).
The data set under consideration for the geoid undulations contains data on a 1/41/4 degree grid that spans
the latitude range 85S to 85N. The values have been computed using the EGM96 gravitational model (see
e.g. [5]) complete up to degree and order 360, and have been corrected appropriately.
Figure 3: Original Dynamic Topography,
as dierence between altimetric and geoidal
data sets
Since multiscale approximations contain convolutions, this has to
be evaluated by numerical integration. Obviously, two problems
arise there. Primarily, numerical errors are inescapable. But
by choosing the integration positions and weights properly, this
can be reduced. Unfortunately, the positions are predetermined,
which leads immediately to the second point. Since data posi-
tions are not arbitrary, there exists a maximal scale, from where
the grid is not dense enough to justify the kernel width, i.e. a
scale from where the approximation process does not converge
any more. Therefore, we are confronted with the additional task
to determine this optimal scale.
Combining these two initial data sets we obtain the dynamic to-
pography as seen in Figure 3. Due to the dierent data density
and the therefore resulting resolution dierence, the dynamical
topography cannot be as smooth as it should be. Thus, the mul-
tiscale approximation has the advantage of smoothing out the
initial data by convolving with hat functions and at the same
time giving control over the approximation rate by stopping when the hat-width becomes too small.
Its property of being a low-pass-lter is shown in comparison of Figures 4 and 5. The rst one presents the
multiscale approximation of Figure 3 at scale 9. Their dierence (Figure 5) consists of the high-oscillating parts,
which has to be smoothed out in the process. Further, Figures 4, 6 and 7 demonstrate the detail step property
of multiscale approximations. Results for scales 9 (Fig. 4) and 10 (Fig. 7) present rather good results. Their
dierence, also computable by convolving with a wavelet of scale 9, is plotted in Figure 6. Thus, this smooth
resolution process is near its end, due to only minor details remaining. The high-frequency oscillations visible
in the original data (Figure 3) and ltered by the approximation (to compare see Figure 5), can be assumed
to get in the way of higher scales. In fact, these are getting worse in accuracy, since the data density cannot
provide enough information and the problems mentioned above occur.
Figure 4: Multiscale Approximation at Scale 9,
using the standard Haar kernel function
Figure 5: Error between Multiscale Approximation at
Scale 9 and Dynamic Topography.
5 LARGE-SCALE ANALYSIS OF OCEANIC CURRENTS
After modeling the dynamic topography we study another application in oceanography. Making certain assump-
tions, modeling ocean circulation is for large-scale currents possible just from knowing the actual sea surface
height, the dynamic topography. The connection between those is described by the geostrophic currents. By
assuming frictionless motion (far away from coasts, ocean surfaces and ocean beds) of a homogeneous uid,
Figure 6: Wavelet Approximation at Scale 9,
i.e. the dierence between Scale 9 and Scale 10.
Figure 7: Multiscale Approximation at Scale 10,
using the standard Haar kernel function
neglecting turbulent ows and vertical velocities, the complete Navier-Stokes equations simplify to two common
conservation laws, the hydrostatic and the geostrophic balance (see e.g. [1, 6, 7]). By introducing spherical
coordinates it is, therefore, possible to connect the horizontal velocity vtan with the dynamic topography  by





where f() = 2j!j("3  ) denotes the Coriolis parameter, j!j the angular velocity of the Earth and g the
acceleration of fall. Note that the surface curl gradient applied to a radial basis function is simply
L?K(  ) = ( ^ )K
0(t)jt= : (5)
Thus, a wavelet expansion (including numerical approximation of the integral) of a scalar eld
PN
k=1 akK(k)
can simply be transformed into an L?-applied version
PN
k=1 ak( ^ k)K
0(k).
Using this to model the North Atlantic Ocean, we obtain the results presented in Figures 8 to 11.
Figure 8: Multiscale Approximation at Scale 8,
using the standard Haar kernel function
Figure 9: Wavelet Approximation at Scale 8,
i.e. the dierence between Scale 8 and Scale 9.
There we have multiscale approximation results of the geostrophic ow. As seen in Figure 11, the detail
information summable to the approximation of scale 9 becomes worse. Although currents details are observable
around the eastern coast of the United States, artifacts occur all around the tropic latitudes. These are due to
resolution problems and insucient data densities, scaled by the error sensitivity of a dierential operator.
Figure 10: Multiscale Approximation at Scale 9,
using the standard Haar kernel function
Figure 11: Wavelet Approximation at Scale 9,
i.e. the detail information to obtain scale 10.
6 SUMMARY
We briey presented a well-known system of locally supported kernels (Haar scaling functions) and its properties.
Then its applicability to the modeling of the dynamic ocean topography and of the geostrophic ow has been
investigated and demonstrated by numerical experiments for the rst time. Where the dynamic topography
has been calculated globally, we restricted our attention in case of the geostrophic ow to the North-Atlantic,
where we obtained a result that clearly shows the typical form of the gulf stream. Due to the dierent resolution
of the available sea surface and geoid models a simple plotting of the dierence function yielded the expected
errors, that look like a high-frequent oscillation superposing the dynamic topography. Thus, a smoothing
approximation tool is required here. Whereas the spherical harmonics contain a global averaging of the data,
which is certainly helpful for the representation of a global trend, the Haar scaling function is only averaging
the data within a small subset of the domain due to its local support, which is advantageous with respect to
eciency of the computation and local evaluation and adaptation of the model.
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Abstract
Spherical wavelets have been developed by the Geomathematics Group Kaiserslautern for several years and
have been successfully applied to georelevant problems. Wavelets can be considered as consecutive band-
pass lters and allow local approximations. The wavelet transform can also be applied to spherical harmonic
models of the Earth's gravitational eld like the most up-to-date EIGEN-1S, EIGEN-2, EIGEN-GRACE01S,
GGM01, UCPH2002 0.5, and the well-known EGM96. Thereby, wavelet coecients arise. In this paper it
is the aim of the Geomathematics Group to make these data available to other interested groups. These
wavelet coecients allow not only the reconstruction of the wavelet approximations of the gravitational
potential but also of the geoid, of the gravity anomalies and other important functionals of the gravitational
eld. Dierent types of wavelets are considered: bandlimited wavelets (here: Shannon and Cubic Polynomial
(CuP)) as well as non-bandlimited ones (in our case: Abel-Poisson). For these types wavelet coecients are
computed and wavelet variances are given. The data format of the wavelet coecients is also included.
Keywords: Multiscale Modeling, Wavelets, Wavelet Variances, Wavelet Coecients, Gravitational Field Model
Conversion
1 INTRODUCTION
During the last years spherical wavelets have been brought into existence (cf. e.g. [3], [4], [5] and the references
therein). It is time to apply them to well-known models in order to oer easy access to the multiscale methods.
Therefore, the spherical harmonics models EIGEN-1S, EIGEN-2, GGM01, UCPH2002 0.5, EGM96 and also
EIGEN-GRACE01S are transformed into bilinear wavelet models (see [3], [4] or [6]) and the coecients of these
models are made available by the Geomathematics Group via the worldwide web. Moreover, the very same
coecients enable a multiscale reconstruction of the geoid, the gravity disturbance, the gravity anomalies and
the vertical gravity gradients by special types of reconstructing wavelets.


























extR denotes the outer space of the sphere 
R of radius R, Pn is the Legendre polynomial of degree n
and 'j(n) is called the symbol of the scaling function. This symbol is a sequence of numbers that determines
the shape of the scaling function and has special properties (for details see [2], [3] or [4]). These properties make
these kernels an approximation of the Dirac distribution that converges to it for j tending to innity. Wavelets
are dened by taking the dierence of two consecutive scales which is performed by the renement equation for
the symbols:




j (n) ; n = 0; 2; 3; : : : : (2)
The primal and dual wavelets 	j , ~	j are obtained by either taking the square root or applying the third









































This construction allows an approximation of level J of a potential F :
FJ = 
(2)






~	j  (	j  F ) = J0  (J0  F ) +
J 1X
j=J0
~	j  (	j  F ); (5)
where \" denotes the convolution in L2(
R). These convolution integrals can be discretized for numerical
evaluation by methods presented in [1] or [4]. For the wavelet coecients that we oer to other groups we chose
the equiangular grid discussed in e.g. [1].
The important examples that we used for the computation of our multiscale representations are the Shannon
type, the CuP type, and the Abel-Poisson type wavelets:
1.1 Shannon Wavelets
In the case of Shannon scaling functions the symbol 'j(n) reads as follows
'SHj (n) =

1 for n 2 [0; 2j)
0 for n 2 [2j ;1);
(6)
and for the corresponding wavelets we choose the P-scale version to resolve the renement equation (2), i.e.











1.2 Cubic Polynomial (CuP) Wavelets
In the CuP case the symbol takes the following form:
'CPj (n) =

(1  2 jn)2(1 + 2 j+1n) for n 2 [0; 2j)
0 for n 2 [2j ;1)
(8)
and for the corresponding wavelets we apply again the P-scale version.
1.3 Abel-Poisson Wavelets
For the Abel-Poisson scaling function the symbol takes the following form 'APj (n) = e
 2 jn , n 2 [0;1), with
some constant  > 0. We choose  = 1. Since 'APj (n) 6= 0 for all n 2 N this symbol leads to a non-bandlimited
kernel. It should be noted that the Abel-Poisson scaling function has a closed form representation which allows
the omission of a series evaluation and truncation, and when constructing bilinear Abel-Poisson wavelets we
want to keep such a representation as an elementary function. Thus, we decide to use M-scale wavelets whose
symbols are deduced from the renement equation (2) by the third binomial formula:













Since the Abel-Poisson scaling function and its corresponding wavelets are non-bandlimited we obtain just a
good approximation by the numerical integration method based on an equiangular grid (we choose the parameter
of polynomial exactness suciently large enough).
2 MULTISCALE REPRESENTATION OF THE GRAVITATIONAL POTEN-
TIAL
The Earth's gravitational potential V in a point x of the outer space of 
R, i.e. the gravity potential W
without the part  caused by centrifugal force, possesses the following representation by convolutions with











WTj(V ; y) ~	j(x; y)d!(y); (10)
where Jmax is some suitably chosen maximal level of approximation and WTj(V ; y) = (	j  V )(y) denotes the






















i ) : (11)
The weights of the integration are named wj0i , w
j




i . The scaling function
coecients v
j0
i and the wavelet coecients v
~	j












i =WTj(V ; y
j
i ) = (	j  V )(y
j
i ): (12)
Fig. 1 and 2 show examplarily a part of the multiscale resolution of (10) where the details (Fig. 2) are added
to the approximation of scale 7 (Fig. 1). By subtracting the non-centrifugal part of the ellipsoidal normal
Figure 1: Approximation at Scale 7 of V from
EIGEN2 using the CuP scaling function, [m2=s2].
Figure 2: Wavelet detail at scale 7 of V from EIGEN2
using the CuP wavelet, [m2=s2].
potential Vell = U    from V the disturbing potential T = V   Vell can be obtained (see [7], [8] or [9]) and




i in order to obtain a multiscale representation































i   (	j  Vell)(y
j
i ) (13)
A more detailed derivation can be found in [2].
3 FUNCTIONALS OF THE DISTURBING POTENTIAL
By virtue of the Bruns formula N = T= (cf. [7], [8] or [9]) a multiscale representation of the geoid undulations





i . Thereby, the normal gravity  is taken spherically as  =
GM
R2



















i ) : (14)
In Fig. 3 and 4 parts of a multiresolution of N are presented (see [2] for a full multiresolution).
Figure 3: Multiscale geoid heights N at Scale 7 from
EGM96 using the CuP scaling function, [m].
Figure 4: Wavelet detail at scale 7 of geoid heights N
from EGM96 using the CuP wavelet, [m].





























































































where 'gj (n) = (n + 1)'j(n) and the corresponding reconstructing wavelets
~	gj are constructed by applying
the symbol ~ gj (n) = (n+ 1)
~ j(n).

























































































































j (n) = '
g
j (n)  2'j(n) = (n  1)'j(n) ; '
gr
j (n) = (n+ 1)(n+ 2)'j(n) ; (21)
and corresponding symbols ~ gj (n) and
~ grj (n) for the respective wavelets. As an example we show in Fig. 5
and 6 for the gravity anomalies g again scale and detail 7 with CuP scaling functions or wavelets, respectively.
Figure 5: g at Scale 7 from EGM96 using CuP,
[mgal].
Figure 6: Wavelet detail at scale 7 of g from EGM96
using CuP, [mgal].
4 WAVELET VARIANCES
The distribution of space-dependent signal energy of the disturbing potential is described by the scale and space
variances of T at scale j and point x (see [2], [5]):
Varj ; x(T ) = 
2







T (y)T (z)	j(y; x)	j(z; x)d!(y)d!(z) : (22)
Using the wavelet coecients t
~	j
i one can compute this quantity with the help of a Shannon kernel SH( ; ) as
j ; x(T ) =
GM
R
j ; x ; 
2
















The wavelet variances of the geoidal heights N are then given by j ; x(N) = Rj ; x; and for the gravity
disturbances, the gravity anomalies, and the vertical gravity gradients the variances can be obtained by a
convolution with special Shannon kernels similar to (16), (19) and (20):
















































Fig. 7 to 10 demonstrate the development of the energy distribution of the disturbing potential for j = 4 to 7.
5 WAVELET COEFFICIENTS




i corresponding to the locations
of the equiangular grid on 




i . The wavelet coecients are ordered as
Figure 7: 4; x(T ) (rescaled to maximal 400), [m
2=s2]. Figure 8: 5; x(T ) (rescaled to maximal 250), [m
2=s2].
Figure 9: 6; x(T ) (rescaled to maximal 150), [m
2=s2]. Figure 10: 7; x(T ) (rescaled to max. 100), [m
2=s2].
a square matrix, in addition the weights form a rst column. Comments are located in the rst 20 lines of the le
and are indicated by a % sign. The coecients, a detailed model description and further gures can be found and
downloaded at the following web page: http://www.mathematik.uni-kl.de/~wwwgeo/waveletmodels.html
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